Using information entropy formalism, we consider a one-dimensional system with heat flux and extend the meaning of equilibrium variablesto nonequilibrium scenarios when classical local equilibrium approach is not applicable; this is particularly important for the performance evaluation of modern thermal systems and microdevices, which usually operate in extreme situations. The extended nonequilibrium entropy, temperature, thermal conductivity and heat capacity have been analyzed as functions of the local energy density (kinetic temperature) and heat flux. The ratio of the heat flux to its maximum possible value plays a role of an order parameter -it varies from zero in the equilibrium, i.e. thermalized (disordered) state, to unity in the nonequilibrium (completely ordered) state. We demonstrate that there are some analogies between the behavior of the nonequilibrium systems in the maximum heat flux limit and equilibrium quantum system in the low temperature limit, whicharise due to the breakdown of the equipartition in both cases. This implies that there can be fruitful cross-fertilization of ideas and techniques between these two fields.
I. INTRODUCTION
Classical thermodynamics has been highly successful, impacting strongly on the natural sciences and enabling the development of technologies that have changed our lives, from fridges to jet planes. Until recently, it was applied to large local equilibrium systems described by the laws of classical physics. However, with modern technologies miniaturizing down to the nanoscale and into the quantum regime, testing the applicability of thermodynamics in this new realm has become an exciting technological challenge. As a result the fields of non-equilibrium 2 thermodynamics and quantum thermodynamics have recently started to blossom, fuelled by new, highly controlled experiments and the availability of powerful numerical methods, such as molecular dynamic simulations.
A challenge in nonequilibrium thermodynamics is extending the meaning of equilibrium variables to nonequilibrium scenarios. Classical irreversible thermodynamics (CIT) deals with near-equilibrium situations and assumes that the local thermodynamic equilibrium (LTE) conditions prevail. In this situation the concepts of equilibrium thermodynamics, including variables such as temperature and entropy, can be defined as in global equilibrium and are applicable locally. However, our interest is in the transport of heat through nanoscale systems and/or on ultra-short time scale. Can temperature, which is an equilibrium concept, still be invoked in a nonequilibrium process such as heat flow? The question what precisely is a "local temperature" under far from LTE conditions is a subject of intense theoretical and experimental interest in a broad context of physics, chemistry and life sciences and is open to discussion [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
Molecular dynamic (MD) simulations, which are often used to study heat flow under far from equilibrium conditions, usually define temperature on the bases of an average kinetic energy [1, 2, 10, 14, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . However, at low temperatures, when the quantum effects come into play, the definition needs quantum correction [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . Maximum entropy formalism (MEF) [9] , extended irreversible thermodynamics (EIT) [3] , thermomass model (TMM) [5] , and information entropy formalism (IEF) [6, 7] define the nonequilibrium temperature θ by analogy with the classical S is the local nonequilibrium entropy, E is the local energy density. Some analogies between the behavior of equilibrium systems at low absolute temperature and nonequilibrium system under high values of the heat flux have been observed [9] . For glassy systems, the definition of the effective temperature is based on a modified version of the fluctuation-dissipation theorem (FDT) [3, 7] . In the active systems the generalized effective temperature is a product of two factors: the first one arises due to the system activity and describes the randomized motion of the particles, whereas the second one is a consequence of the ordered (collective) motion due to the alignment effects or initially ordered configuration [7] . An additional micromorphic temperature associated with the classical local temperature is introduced as an independent degree of freedom, based on the generalized principle of virtual power [13] . An effective temperature has also been introduced in disordered semiconductors under electric field when one can characterize the combined effects of the field and the lattice temperature by an effective temperature to describe carrier drift mobility, dark conductivity, and photoconductivity [7] . Despite these advances, the question how to treat temperature under far 3 from LTE conditions is open to discussion.The problem is that in practical situations, the routine analysis of nonequilibrium heat transport phenomena has been limited by the high computational demand of rigorous simulations.
Quantum thermodynamics is an emergent research field, which combines ideas from nonequilibrium thermodynamics, open quantum system theory, quantum information and mesoscopic physics. While many different approaches have been put forward in the last years to understand thermodynamics in the non-equilibrium and quantum regimes, a remaining fundamental question to be answered is to what extent the paradigms of local equilibrium thermodynamics can be used by the non-equilibrium and quantum thermodynamics. Moreover, it is important to bridge the gap between the non-equilibrium and quantum approaches, which goals have much in common, ranging from the desire to give new interpretation of the laws of thermodynamics to the need of designing useful non-equilibrium quantum heat engines in a new era of increased nanotechnological abilities.
The main purpose of this paper is to demonstrate and discuss the analogies in the behavior of nonequilibrium systems under high values of the heat fluxand equilibrium quantum system at low temperatures. In section 2 we analyze the extended nonequilibrium variables, such as the entropy, temperature, heat capacity, and thermal conductivity, as functions of the local energy density and the heat flux, which characterizes the extent of deviation from equilibrium.In section 3 we compare the behavior of the extended nonequilibrium variables in the maximum heat flux limit with the behavior of their equilibrium counterparts in the low temperature quantum limit.
Conclusions are made in section 4.
Model and results

Governing equations
The Boltzmann transport equation (BTE) with the single relaxation time (or BGK) approximation is given by [2, 4, 7, [36] [37] [38] 
wheref is the phonon distribution function, v  is the phonon group velocity, and 0 f is the equilibrium distribution function. BTE, Eq.(1), can be cast into an equation for the phonon energy densityE by integrating it over the frequency spectrum. For simplicity, the effects of temperature on the dispersion relations and the phonon density of states are neglected. Then, the BTE, Eq.(1), in a phonon energy density formulation for 1D is given by [7, 21] where
is the kinetic temperature, which in equilibrium (at J=0) corresponds to the thermodynamic temperature, while far from equilibrium is proportional to the local energy density. After some algebra, we obtain
Parameter γ, Eq.(16), has no analog in equilibrium and must be regarded as a purely nonequilibrium quantity describing how an increment in the heat flux modifies the entropy [7, 9] .
In terms of the kinetic temperature k T the parameter takes the form
, which will be used later to scale thermal conductivity and heat capacity to local nonequilibrium situation, is obtained from Eq. (18) as follows
2.3Nonequilibrium entropy and temperature as functions of the nondimensional heat flux
Let us consider the behavior of 
The nonequilibrium entropy In equilibrium 0  q and, as expected, the nonequilibrium temperature θ tends to its equilibrium 7 value T. The presence of the heat flux 0  q implies that the local energy density is not completely thermalized and there is anordered fraction. As the heat flux increases, this ordered fraction of the local energy density increases, whereas the disordered (thermalized) fraction decreases. Accordingly, the nonequilibrium temperature Thus, the nondimensional heat flux q plays a role similar to that of an order parameter: it varies from zero in the completely disordered (thermalized) equilibrium state to unity in the completely ordered nonequilibrium state [7] . In other words, q characterizes the degree of ordering, while 
Nonequilibrium entropy and temperature as functions of the kinetic temperature
Now let us study the behavior of The nonequilibrium temperature θ, Eq. (26), is also shown in Fig.3 as a function of  . In the high temperature limit 1   , we obtain that    , which implies that the deviation from local equilibrium is small and LTE conditions are valid. However, in the low temperature limit, the nonequilibrium temperature θ decreases faster than the nondimensional kinetic temperature  due to increasing nonequilibrium effects (see Fig.3 Fig.3 ), which corresponds to the maximum heat flux limit 1  q with completely ordered motion of energy carriers (see Fig.1 ).
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The nonequilibrium parameter   , Eq. (27) , has no analog in equilibrium and must be regarded as a purely nonequilibrium quantity [7, 9] . As  decreases,   increases (see Fig.3 ) describing how an increment in the deviation from equilibrium modifies the entropy. , whereas θ differ substantially from  at low temperature 2 / 1   due to increasing nonequilibrium effects.
2.5Nonequilibrium thermal conductivity and heat capacity
The heat capacity of the nonequilibrium system with heat flux is defined as
. The reason for this is that in a nonequilibrium state it is θ rather than k T that can be directly measured by a thermometer [9] . This definition gives
Following [24] [25] [26] 30, 31, 36] , we assume that in the steady-state the temperature gradient is implicitly associated with the thermal conductivity such that
where λ is the thermal conductivity, which corresponds to the kinetic temperature gradient, Fig.3 ).
Comparison with quantum systems
Quantum systems with bounded energy spectrum
The nonequilibrium entropy neq S , Eq. (21), as a function of the nondimensional heat flux q (see (compare Fig.1 with Fig.3 .14 in Ref. [38] ). The analogy arises because both systems consist of two interaction subsystems, namely, the 1D nonequilibrium system with heat flux consists of the two groups of energy carries moving in the opposite directions, while the equilibrium spin system consists of the two groups with spins 2 / 1 and 2 / 1

. The heat flux in the present model ) ( Fig.2 and Fig.3 .15 in Ref. [38] ).
Thus, some analogies between the behavior of the nonequilibrium system with heat flux and the equilibrium spin system in magnetic field arise due to the bounded spectrum of the heat flux
Quantum harmonic oscillator
Mean energy of one quantum harmonic oscillator is given as [38, 40, 41] 
where T is temperature of the oscillator, Note that the nonequilibrium temperature  in the present model plays a similar role as the thermodynamic temperature of the quantum harmonic oscillator T, while the kinetic temperature k T characterizes local energy density and corresponds to the mean energy of the quantum harmonic oscillator E. This allows us to compare the behavior of the temperatures as functions of the local energy, which is shown in Fig.4 . The heat capacity of the quantum harmonic oscillator as a function of  is given by [38, 40, 41] 
Comparison of the heat capacities . This implies that the thermal uncertainty relation of Nagata can be treated as the kinetic temperature, which reflects the mean energy in the region
Quantum correction in MD simulations
Temperature rescaling
MD simulations are widely and successfully used to study heat conduction in nano level [1, 2, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . However, the MD approach is not suitable at low temperature when quantum effects on the phonon mode populations are important. In a classical system at a given temperature, all modes are excited approximately equally, whereas in the quantum system, there is a freezing out of high-frequency modes at low temperatures [24, 38] . The main idea to overcome this difficulty and include quantum effects in the MD simulations is to scale the MD temperature MD T and introduce the ""real"" quantum temperatureTusing simple quantum-mechanical calculations and/or arguments. The temperature of the "real" quantum system can be found by equating the kinetic energy in MD simulations to that of a quantum phonon system, such that [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] 
where summation is over the k normal modes of the system. Essentially, this procedure provides a means for mapping results calculated classically onto their quantum analogs at the same energy level. The idea behind this rescaling scheme is that one hopes to establish a one-to-one correspondence between the real quantum system and the classical MD simulation, such that all physical observables are the same. The calculations [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] demonstrate that the MD T curve approaches T as the temperature is increased and more modes are excited, which implies the classical limit. However, as the temperature is decreased, the difference between the temperatures becomes significant due to the quantum effects, namely, the quantum corrected 
) such that the difference increases at low temperature due to increasing quantum effects [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . A similar situation occurs in the nonequilibrium systemswhere the breakdown of equipartition implies that the generalized nonequilibrium temperature θ, Eq. (18), is always less or equal to the kinetic temperature k T . The nonequilibrium temperature θ, defined as the inverse of the derivative of the nonequilibrium entropy with respect to the energy, is proportional to the thermalized fraction of the local energy density, whereas the kinetic temperature k T is proportional to the local energy density, which is the sum of the thermalized and non-thermalized fractions. In other words, the non-thermalized (ordered) fraction, that guarantees the nonzero heat flux, does not contribute to the nonequilibrium temperature θ. This looks like a "freezing out" of the non-thermalized fraction of the local energy density when the deviation from equilibrium is high, similar to the freezing out of highfrequency modes in the equilibrium quantum systems at low temperature. Thus, the analogies between the behavior of nonequilibrium systems in the maximum heat flux limit and equilibrium quantum systems at low temperatures arise due to the breakdown of equipartition when some degrees of freedom do not make a significant contribution toward the thermalized (internal) energy of the system.
Conclusion
Using information entropy approach, we extend the meaning of equilibrium variables, such as entropy, temperature, heat capacity, and thermal conductivity to the nonequilibriumscenario when 1D heat conduction is described by the Boltzmann transport equation with single relaxation time approximation. In the maximum heat flux limit Some analogies between the behavior of nonequilibrium systems in the maximum heat flux limit and equilibrium quantum systems at low temperatureshave been observed. In both cases the local energy density expressed in degrees kelvin exceeds the (nonequilibrium) temperature due to the breakdown of equipartition.The normalized heat flux expressed in energy units plays a role 19 similar to the zero-pointenergy in quantum systems. The observed analogies imply that there can be fruitful cross-fertilization of ideas and techniques between these two fields.
The purpose of this paper is not so much to provide exact expressions for the thermodynamic quantities but to emphasize their most prominent qualitative features as one tends to the maximum deviation from equilibrium. From this perspective, the present work provides very compact expressions on a much simpler basis than existing theories and, hence, it is worthwhile to use them for a conceptual exploration or as an effective tool for rapid calculations to make more elaborated approaches, such as MD simulations or BTE, less computationally expensive.
